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Abstract
Partitioned difference families (PDFs) arise from constructions of optimum constant composition codes.
In this paper, a number of infinite classes of PDFs are constructed, based on known cyclotomic difference
families in GF(q). A general approach which obtains PDFs from difference packings and coverings in
abelian group is also presented.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
Let G be an additively abelian group of order v. Let F = {D1, D2, . . . , Ds} be a collection
of subsets (called base blocks) of G, and K = [|D| : D ∈ F] be the multiset of sizes of base
blocks. If the difference list (multiset)
1F =
s⋃
i=1
1Di =
s⋃
i=1
{a − b : a, b ∈ Di and a 6= b}
contains every nonzero element exactly λ times, where the notation ∪ denotes the multiset union,
then F is said to be a (v, K , λ) difference family (DF), or a (v, K , λ)-DF for short, in G. This is
to say that F is a (v, K , λ)-DF if for any fixed nonzero element g ∈ G the equation
x − y = g
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has exactly λ solutions (x, y) in multiset union
⋃
D∈F D × D, or equivalently the sum∑
D∈F |(D+g)∩D| is equal to λ for any nonzero element g ∈ G, where D+g = {x+g : x ∈ D}.
In literature (see, for example, [1]), dF (g) :=
∑
D∈F |(D+ g)∩ D| is referred to as a difference
function defined on G \ {0} (with respect to F).
If F = {D} with |D| = k, then F (or simply D) is referred to as a difference set (DS), or a
(v, k, λ)-DS. If F forms a partition of G, then we call it partitioned, or a (v, K , λ)-PDF.
For notational convenience, we write the multiset K in an exponential form: a type K =
[ka11 ka22 · · · katt ] means that F contains ai base blocks of size ki (1 ≤ i ≤ t). In the case the k′i s
are themselves exponents, we revert to the list to avoid confusion.
PDFs were first studied in [5] in conjunction with the construction of constant composition
codes (CCCs). An (n,M, d, [w0, w1, . . . , wq−1]; q)-CCC is a code C ⊂ Qn that has length n,
size M and minimum Hamming distance d such that in every codeword the symbol xi appears
exactly wi times for every xi ∈ Q. Here, Q = {x0, x1, . . . , xq−1} is an alphabet of q elements
called symbols or letters. Most of the time one assumes that the alphabet Q is the finite field
GF(q) of order q or the ring of integers modulo q . The constant composition [w0, w1, . . . , wq−1]
is essentially an unordered multiset.
Clearly, the class of binary constant composition codes coincides with the class of binary
constant weight codes. As observed by Chu et al. [4], CCCs arise in frequency hopping,
when a schedule is needed to determine frequencies on which to transmit. When each
frequency is to be used a specified number of times within a frame, each frequency hopping
sequence is a codeword of constant composition. Indeed whenever a different cost is associated
with each symbol in the underlying alphabet, uniform cost of codewords leads to constant
composition specified number of time. In the particular case where n = q and wi = 1 for
all i , an (n,M, d, [w0, w1, . . . , wq−1]; q)-CCC is known as a permutation code in powerline
communication.
We denote the maximum size M in an (n,M, d, [w0, w1, . . . , wq−1]; q)-CCC by
A(n, d, [w0, w1, . . . , wq−1]; q), and call the corresponding CCCs optimal. To measure the
optimality of CCCs, one can employ the following upper bound.
Theorem 1.1 ([7]). If nd − n2 + (w20 + w21 + · · · + w2q−1) > 0, then
A(n, d, [w0, w1, . . . , wq−1]; q) ≤ nd
nd − n2 + (w20 + w21 + · · · + w2q−1)
.
The close relationship between optimal CCCs and PDFs can be seen in the following theorem,
which was given in [5].
Theorem 1.2 ([5]). If a (v, [λ0, λ1, . . . , λq−1], λ)-PDF exists, then so does an optimal
(n, v, v − λ, [λ0, λ1, . . . , λq−1]; q)-CCC whose size attains the bound in Theorem 1.1.
PDFs are also related to the difference system of sets (DSSs) that are used in dealing
with the code synchronization problem (see Levenshtein [8] and Tonchev [11]). Especially, a
(v, [k1, k2, . . . , ks], λ)-PDF in Zv is a perfect DSS of index ρ = v − λ, which forms a partition
of Zv .
The goal of this paper is to study the construction of PDFs. The ideas to construct DFs and
DSSs using cyclotomy and partitions of cyclic DSs (see, for example, [11,12]) are extended.
A number of infinite classes of PDFs are constructed, based on known cyclotomic difference
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families in GF(q). These are presented in Section 3. In Section 4, we give a general approach for
obtaining PDFs from difference packings and coverings in abelian groups.
2. Preliminaries
Throughout what follows, we use q = e f + 1 to denote a power of an odd prime. The symbol
ω stands for an arbitrary primitive element of the Galois field GF(q).
Let C (e)0 be the unique multiplicative subgroup of order f in GF(q)
∗, which is spanned by
ωe. Let C (e)j := ω j · C (e)0 for 0 ≤ j ≤ e − 1, which are known as cyclotomic classes of
order e (with respect to GF(q)∗). One usually calls the elements of C (e)0 the eth residues. In the
cases e = 2, 3, 4, 5, 6 and 8, the elements of C (e)0 are also termed quadratic, cubic, quartic (or
biquadratic), quintic, sextic and octic residues in turn.
Wilson [12, Theorem 7] showed that the set F = {C (e)j : 0 ≤ j ≤ e − 1} of all cyclotomic
classes of order e forms a (q, [ f e], f − 1)-DF in GF(q). The base blocks of such difference
families are pairwise disjoint and constitute a partition of GF(q) \ {0}. We state this result in the
following lemma.
Lemma 2.1 (Wilson [12]). Let q = e f + 1 be a power of an odd prime. Then F = {C (e)j : 0 ≤
j ≤ e − 1} is a (q, [ f e], f − 1)-DF in GF (q).
In the theory of cyclotomy, the number of solutions of
1+ ωs = ωt , s ≡ i, t ≡ j (mod e)
is denoted by (i, j)e and called the cyclotomic numbers of order e. In other words, for any i and
j with 0 ≤ i, j ≤ e − 1, the cyclotomic numbers are defined as
(i, j)e =
∣∣∣(C (e)i + 1)⋂C (e)j ∣∣∣ .
The following lemma lists some formulas about cyclotomic numbers [10, p. 25].
Lemma 2.2. Using the above notations, we have
(i) (i, j)e = (i ′, j ′)e when i ≡ i ′ (mod e) and j ≡ j ′ (mod e);
(ii)
(i, j)e = (e − i, j − i)e =
{
( j, i)e, f even,
( j + e/2, i + e/2)e, f odd;
(iii)
∑e−1
j=0(i, j)e = f − ni where
ni =
1, i ≡ 0 (mod e), f even,1, i ≡ e/2 (mod e), f odd,0, otherwise;
(iv)
∑e−1
i=0 (i, j)e = f − k j where
k j =
{
1, if j ≡ 0 (mod e),
0, otherwise.
By the theory of cyclotomy, one has proved the following result (for related details see [2,10]).
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Lemma 2.3. Let q be a prime power. Then
(1) the set C (2)0 of quadratic residues is a (q, (q − 1)/2, (q − 3)/4)-DS in GF (q), known as
Paley difference set, if q ≡ 3 (mod 4);
(2) the set of C (4)0 of quartic residues is a (q, t
2, (t2 − 1)/4)-DS in GF(q) if q = 4t2 + 1 with
t odd;
(3) the set C (4)0 ∪ {0} of quartic residues together with 0 is a (q, t2 + 3, (t2 + 3)/4)-DS if
q = 4t2 + 9 with t odd;
(4) the set C (8)0 of octic residues is a (q, t
2, c2)-DS if q = 8t2 + 1 = 64c2 + 9 with t, c odd;
We also need the notion of an almost difference family. Consider a family F =
{D1, D2, . . . , Ds} of subsets of an additively abelian group G of order v. Let dF (x) be the
difference function defined in Section 1. We say that F is an almost difference family (ADF), or
a (v, [|D1|, |D2|, . . . , |Ds |], λ; t)-ADF in G, if dF (x) takes on the value λ altogether t times and
the value λ+ 1 altogether v − 1− t times when x ranges over all the nonzero elements of G.
When F consists of a single k-subset, say D, it is referred to as an almost difference set
(ADS), or a (v, k, λ; t)-ADS in G. In this case we simply write D for F as with difference
sets. For detailed information about ADFs and ADSs, the reader is referred to [1,6] and the
references therein. Clearly, a (v, K , λ; t)-ADF with t = v− 1 is nothing else but a (v, K , λ)-DF.
A (v, k, λ; t)-ADS with t = v − 1 is a (v, k, λ)-DS.
Lemma 2.4 ([2]). Let q = 4 f +1 be a prime power. Then the set D = C (2)0 of quadratic residues
is a (q, 2 f, f − 1; 2 f )-ADS in GF(q) (known as Paley partial difference set), where
dD(g) =
{
f − 1 if g ∈ C (2)0 ;
f if g ∈ C (2)1 .
Lemma 2.5 ([11]). Let q = 24n + 1 be a prime power. Suppose that (−3)6n 6= 1 in GF (q).
Then the set C (2)0 of quadratic residues of GF (q)
∗ can be partitioned into 2n cyclotomic classes
of order 4n:
F =
{
C (4n)2 j : 0 ≤ j ≤ 2n − 1
}
,
which forms a (q, [62n], 2; (q − 1)/2)-ADF such that
dF (g) =
{
3 if g ∈ C (2)0 ;
2 if g ∈ C (2)1 .
3. PDFs from cyclotomic DFs in GF(q)
The objective of this section is to develop our constructions of PDFs based on cyclotomic
difference families given in Lemma 2.1. Our idea is to add zero to a certain base block of the
Wilson’s DF, say C (e)t (0 ≤ t ≤ e − 1). This leads to an increase of the value of the difference
function dF (g) for every g ∈ ±C (e)t . Suppose that we can find a way to rearrange the elements of
certain base blocks into small blocks so that the difference function (with respect to the derived
family of blocks) takes on a constant value µ over GF(q)∗. Then a PDF of index µ follows. Here
µ is not necessarily equal to f − 1. To illustrate this idea, we give the following two examples.
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For convenience, we use the notation ±S to denote the union of two sets S and −S in GF(q),
where xS =: {xs : s ∈ S}.
Example 3.1. Let q = 13 where e = 4 and f = 3. Take ω = 2. By Lemma 2.1 the cyclotomic
classes
C (4)0 = {1, 3, 9}, C (4)2 = {4, 12, 10},
C (4)1 = {2, 6, 5}, C (4)3 = {8, 11, 7}
constitute a (13, [34], 2)-DF in GF(13). We rearrange the elements of C (4)0
⋃
C (4)1 into 3 pairs:{1, 2}, {3, 6}, {5, 9}. It is easily calculated that
(1(C (4)0 )
⋃
1(C (4)1 )) \ ±{2− 1, 6− 3, 9− 5} = 1(C (4)0 ) = ±C (4)3 .
So, the rearrangement reduces the value of difference function dF (g) by one from the original
for any g ∈ ±C (4)3 . To recover them, we add zero to C (4)3 . We then obtain a new family of blocks:
F = {{1, 2}, {3, 6}, {5, 9}, {0, 7, 8, 11}, {4, 12, 10}}.
It is a (13, [233141], 2)-PDF in GF(13). 
Example 3.2. Let q = 17 where e = f = 4. Take ω = 3. From Lemma 2.1 a (17, [44], 3)-DF
in GF(17) is formed by the following cyclotomic classes:
C (4)0 = {1, 13, 16, 4},
C (4)1 = {3, 5, 14, 12},
C (4)2 = {9, 15, 8, 2},
C (4)3 = {10, 11, 7, 6}.
Add zero to C (4)1 and rearrange the elements of C
(4)
0 into two pairs: {1, 16}, {13, 4}. The resultant
family of blocks is
F = {{1, 16}, {13, 4}, {0, 3, 5, 14, 12}, {9, 15, 8, 2}, {10, 11, 7, 6}}.
It is a (17, [224251], 3)-PDF in GF(17).
If we rearrange the elements of
⋃2
j=0 C
(4)
j into the following 6 pairs:
{1, 9}, {5, 13}, {14, 16}, {2, 4}, {12, 15}, {3, 8},
then the missing differences are those in GF(17)∗
⋃±C (4)3 . So we can add zero to C (4)3 to obtain
a (17, [2651], 2)-PDF in GF(17) as follows:
F = {{1, 9}, {5, 13}, {14, 16}, {2, 4}, {12, 15}, {3, 8}, {0, 10, 11, 7, 6}}. 
Keeping the above idea in mind, let us first consider the case where f = 3 and e is an arbitrary
even number. Example 3.1 suggests a general result. To mention this, we need the following
lemma.
Lemma 3.3. Let q = 3e + 1 be a prime power where e = 2m is even. If ωe − 1 is not an
mth residue in GF (q)∗, then there exist two distinct integers t and k which satisfy the following
properties:
1512 J. Yin et al. / European Journal of Combinatorics 29 (2008) 1507–1519
(i) t, k 6≡ 0 (mod e) and t 6≡ k (mod e),
(ii) 1(C (e)0 )
⋃
1(C (e)t ) = ±((ωt − 1) · C (e)0
⋃
C (e)k ).
Proof. Write C (e)s for the cyclotomic class containing ωs . Consider the equation
(ωe − 1)x = x − 1.
Since ωe − 1 is not an mth residue in GF(q)∗ by assumption, we have ωe − 1 6= 1. So, this
equation has a unique solution
x = −1
ωe − 2 ∈ GF(q)
∗.
Noticing that q is odd, and hence the characteristic of GF(q) must be greater than 2, we can
easily see that x 6∈ C (e)0 . Let x = ωt . Then t 6≡ 0 (mod e), and we have
1(C (e)t ) = ωt ·1(C (e)0 )
= ±ωt · {ωe − 1, ω2e − ωe, 1− ω2e}
= ±ωt (ωe − 1) · C (e)0
= ±(ωt − 1) · C (e)0 .
Now let ωe − 1 = ωh . Take
k =
{
h, if h 6≡ t (mod e),
h + m, otherwise.
Then, k 6≡ t (mod e), and k 6≡ 0 (mod e) by assumption. Noticing that −1 = ω3m , we see that
g ∈ C (e)j (0 ≤ j ≤ e − 1) if and only if −g ∈ −C (e)j = C (e)j+m for any nonzero element g of
GF(q). With this fact, we know that
1(C (e)j ) = 1(C (e)j+m)
for any cyclotomic class C (e)j . Hence
1(C (e)0 ) = ±(ωe − 1) · C (e)0 = ±ωh · C (e)0 = ±C (e)h = ±C (e)k .
The conclusion then holds. 
Employing Lemma 3.3 we can establish the following result.
Theorem 3.4. Let q = 3e + 1 be a prime power where e = 2m is even. If ωe − 1 is not an mth
residue in GF (q)∗, then there exists a (q, [233e−341], 2)-PDF in GF (q).
Proof. By Lemma 3.3 we can find integers t and k which satisfy the following properties.
• ωt and ωk are not in the same cyclotomic class of order e.
• t, k 6≡ 0 (mod e).
• 1(C (e)0 )
⋃
1(C (e)t ) = ±((ωt − 1) · C (e)0
⋃
C (e)k ).
In the (q, 3, 2)-DF {C (e)0 ,C (e)1 , . . . ,C (e)e−1}, we rearrange the elements of C (e)0
⋃
C (e)t into the
following 3 pairs:
{1, ωt }, ωe{1, ωt }, ω2e{1, ωt }.
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Then the missing differences are
1(C (e)0 )
⋃
1(C (e)t ) \ ±(ωt − 1) · C (e)0 = ±C (e)k .
From the choice of t and k, the desired PDF can be formed by adding zero to C (e)k . It consists of
the following base blocks:
{1, ωt }, ωe{1, ωt }, ω2e{1, ωt },Ck ∪ {0},C1, . . . ,Ct−1,
Ct+1, . . . ,Ck−1,Ck+1, . . . ,Ce−1. 
With Example 3.2 in mind we now establish a general result for the case where f = 4 and e
is an arbitrary positive integer. Computing the differences from C (e)0 , we obtain
1(C (e)0 ) = ±{ωe − 1, ω2e − 1, ω3e − 1, ωe(ωe − 1), ωe(ω2e − 1), ω2e(ωe − 1)}
= ±((ωe − 1) · {1, ω3e, ωe, ω2e}
⋃
{ω2e − 1, ω3e − ωe}).
Suppose that ωe − 1 ∈ C (e)t for some t (1 ≤ t ≤ e − 1). Then
1(C (e)t
⋃
{0})
⋃
1({1, ω2e})
⋃
1({ωe, ω3e}) = 1(C (e)t )
⋃
1(C (e)0 ).
We have proved the following theorem. Note that saying “ωe − 1 ∈ C (e)t for a certain
t (1 ≤ t ≤ e − 1)” is equivalent to saying “ωe − 1 6∈ C (e)0 ”.
Theorem 3.5. Let q = 4e + 1 be a prime power. Suppose that ωe − 1 6∈ C (e)0 . Then
F = {C (e)j : 1 ≤ j ≤ e − 1, j 6= t}
⋃
{{1, ω2e}, {ωe, ω3e}}
⋃
{C (e)t ∪ {0}}
is a (q, [224e−251], 3)-PDF in GF (q).
Let us now consider the (q, [((q − 1)/2)2], (q − 3)/2)-DF in GF(q), formed by the family
{C (2)0 ,C (2)1 } of cyclotomic classes of order 2, from Lemma 2.1. Then we have the following two
theorems.
Theorem 3.6. Let q = e f + 1 ≡ 3 (mod 4) be a prime power with e = 2m. Then there exists a
(q, [ f m(m f + 1)1], (m + 1) f/2)-PDF in GF (q).
Proof. The condition q = e f + 1 ≡ 3 (mod 4) implies both m and f are odd. We can write
f = 2d + 1. Since −1 = ωm f is a quadratic non-residue, −C (2)0 = C (2)1 . Computing the
differences from C (2m)0 , we have
1(C (2m)0 ) =
d⋃
t=1
±(ωt (2m) − 1) · C (2m)0 .
It follows that
m−1⋃
j=0
1(C (2m)2 j ) =
d⋃
t=1
±(ωt (2m) − 1) ·
(
m−1⋃
j=0
C (2m)2 j
)
=
d⋃
t=1
(ωt (2m) − 1) · (±C (2)0 )
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=
d⋃
t=1
(ωt (2m) − 1) · (±C (2)1 )
=
m−1⋃
j=0
1(C (2m)2 j+1).
From Lemma 2.1, the set {C (2m)j : 0 ≤ j ≤ 2m − 1} of all cyclotomic classes of order
e = 2m forms a (q, [ f 2m], f − 1)-DF in GF(q). Hence, the above equality shows that
D = {C (2m)2 j+1 : j = 0, 1, . . . ,m − 1} is a (q, [ f m], ( f − 1)/2)-DF in GF(q). Obviously, D is a
partition ofC (2)1 . On the other hand, the setC
(2)
0 of all quadratic residues is a (q,m f, (m f −1)/2)-
DS in GF(q) by Lemma 2.3. So, C (2)0
⋃{0} is a (q,m f +1, (m f +1)/2)-DS in GF(q). Therefore,
we can obtain a (q, [(m f +1)1 f m], (m+1) f/2)-PDF from the (q, [((q−1)/2)2], (q−3)/2)-DF
{C (2)0 ,C (2)1 } in Lemma 2.1. 
Example 3.7. Let q = 19 where m = f = 3 and e = 6. Take ω = 2. Then
C (2)0 = {1, 4, 16, 7, 9, 17, 11, 6, 5},
C (2)1 = {2, 8, 13, 14, 18, 15, 3, 12, 10}
constitute a (19, [92], 8)-DF in GF(19). According to the proof of Theorem 3.6, we rearrange the
elements of C (2)1 into m = 3 triples and add zero to C (2)0 . The result is a (19, [10133], 6)-PDF in
GF(19) consisting of the following base blocks:
{0, 1, 4, 16, 7, 9, 17, 11, 6, 5},
{2, 14, 13},
{8, 18, 12}
{13, 15, 10}. 
Theorem 3.8. Let q = 24n + 1 be a prime power. Suppose that (−3)6n 6= 1 in GF(q). Then
there exists a (q, [62n(12n + 1)1], 6n + 3)-PDF in GF(q).
Proof. Start with the (q, [((q − 1)/2)2], (q − 3)/2)-DF in GF(q), formed by the family
{C (2)0 ,C (2)1 } of cyclotomic classes of order 2. We add zero to C (2)1 to obtain a set D = C (2)1 ∪ {0}.
By Lemma 2.4, C (2)0 is a (q, 12n, 6n− 1; 12n)-ADS in GF(q). The difference list1(C (2)0 ) cover
each quadratic residue exactly 6n − 1 times and each quadratic non-residue exactly 6n times.
Hence, D forms a (q, 12n + 1, 6n; 12n)-ADS in GF(q) such that
dD(g) =
{
6n if g ∈ C (2)0 ;
6n + 1 if g ∈ C (2)1 .
This is because −1 is a quadratic residue when q ≡ 1 (mod 4). From Lemma 2.5, we know
that C (2)0 can be partitioned into 2n cyclotomic classes of order 4n of GF(q)
∗ which form a
(q, [62n], 2; (q − 1)/2)-ADF, where
dF (g) =
{
3 if g ∈ C (2)0 ;
2 if g ∈ C (2)1 .
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Therefore, F together with D form a (q, [62n(12n + 1)1], 6n + 3)-PDF in GF(q), as desired.

Example 3.9. Let q = 73, n = 3. Take ω = 5. Then (−3)6n 6= 1, and
C (2)0 = ±{1, 25, 41, 3, 2, 50, 9, 6, 4, 27, 18, 12, 8, 54, 36, 24, 16, 35},
C (2)1 = ±{5, 52, 59, 15, 10, 31, 45, 30, 20, 62, 17, 60, 40, 51, 34, 47, 7, 29}.
The (73, [66371], 21)-PDF in GF(73), from Theorem 3.8, consists of the following 7 base blocks:
C (2)1
⋃
{0},
C (12)0 = ±{1, 9, 8},
C (12)2 = ±{25, 6, 54},
C (12)4 = ±{41, 4, 36},
C (12)6 = ±{3, 27, 24},
C (12)8 = ±{2, 18, 16},
C (12)10 = ±{50, 12, 35}. 
To establish our further constructions, we require the following lemma.
Lemma 3.10. Let q ≡ 1 (mod 4) be a prime power. Then the set C (2)1 of quadratic non-residues
of GF (q)∗ can be partitioned into (q−1)/4 pairs which form a (q, [2(q−1)/2], 0; (q−1)/2)-ADF,
F , where
dF (g) =
{
0 if g ∈ C (2)0 ;
1 if g ∈ C (2)1 .
Proof. We distinguish two cases depending on q ≡ 1 or 5 (mod 8). When q ≡ 1 (mod
8), both −1 and 2 are quadratic residues. The partition is simply obtained by taking Di =
{ω2i−1,−ω2i−1} (i = 1, 2, . . . , (q − 1)/4).
When q ≡ 5 (mod 8), −1 ∈ C (4)2 and 2 is a quadratic non-residue. From Lemma 2.2, we
know that (0, 2)4 + (2, 0)4 > 0. Hence, there exist x ∈ C (4)1 and y ∈ C (4)3 such that x − y is
a non-square in GF(q). It follows that Di = {xω4i , yω4i } (i = 0, 1, . . . , (q − 5)/4) form the
required partition. 
Theorem 3.11. Let q = 4t2 + 1 be a prime power with t odd. Then there exists a
(q, [2, 2, . . . , 2, t2, t2 + 1], (t2 + 1)/2)-PDF in GF(q), which has exactly t2 blocks of size 2.
Proof. For the given value q , we have q ≡ 5 (mod 8). So,−1 ∈ C (4)2 . From Lemma 2.3, C (4)0 is a
(q, t2, (t2−1)/4)-DS in GF(q), and hence so isC (4)2 . Start with the (q, [((q−1)/4)4], (q−5)/4)-
DF in GF(q) from Lemma 2.1. We add zero to C (4)0 to obtain a set D = C (4)0 ∪ {0}. Then D is a
(q, t2 + 1, (t2 − 1)/4; 2t2)-ADS in which
dD(g) =
{
(t2 − 1)/4+ 1 if g ∈ C (2)0 ;
(t2 − 1)/4 if g ∈ C (2)1 .
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It was shown in Lemma 3.10 that the set C (2)1 = C (4)1
⋃
C (4)3 of all quadratic non-residues in
GF(q)∗ can be partitioned into t2 pairs which form a (q, [2t2 ], 0; 2t2)-ADF, F , where
dF (g) =
{
0 if g ∈ C (2)0 ;
1 if g ∈ C (2)1 .
Therefore,
F
⋃
{C (4)2 }
⋃
{D}
forms a (q, [2, 2, . . . , 2, t2, t2 + 1], (t2 + 1)/2)-PDF in GF(q), as desired. 
Example 3.12. Let q = 37, t = 3. Take ω = 2. Then
C (4)0 = {1, 16, 34, 26, 9, 33, 10, 12, 7},
C (4)1 = {2, 32, 31, 15, 18, 29, 20, 24, 14},
C (4)2 = {4, 27, 25, 30, 36, 21, 3, 11, 28},
C (4)3 = {8, 17, 13, 23, 35, 5, 6, 22, 19}.
Take x = 2 ∈ C (4)1 and y = 8 ∈ C (4)3 . According to the proof of Lemma 3.10, the set C (2)1 is
partitioned into the following 9 pairs:
F = {{2, 8}, {32, 17}, {31, 13}, {15, 23}, {18, 35}, {29, 5}, {20, 6}, {24, 22}, {14, 19}}.
The (37, [2991101], 5)-PDF in GF(37) from Theorem 3.11 is
F
⋃
{C (4)2 }
⋃
{C (4)0
⋃
{0}}. 
Theorem 3.13. Let q = 4t2 + 9 be a prime power with t odd. Then there exists a
(q, [2, 2, . . . , 2, t2 + 2, t2 + 3], (t2 + 3)/2)-PDF in GF (q), which has exactly t2 + 2 blocks
of size 2.
Proof. The proof is similar to that of Theorem 3.11. Add zero to C (4)0 to form a set D =
C (4)0
⋃{0}. Then D is a (q, t2 + 3, (t2 + 3)/4)-DS by Lemma 2.3. Since −1 ∈ C (4)2 and 2 is
a quadratic non-residue when q ≡ 5 (mod 8), we have
1(C (4)2 ) = 1(ω2 · C (4)0 )
= ω2 ·1(C (4)0 ∪ {0}) \ ±ω2 · C (4)0
= (((t2 + 3)/4)GF(q)∗) \ C (2)0 .
Further, we can make the following partition of C (2)1 :
F = {{ω2 j−1,−ω2 j−1} : 0 ≤ j ≤ (t2 + 1)},
in such a way that 1(F) = C (2)0 . It follows that
F
⋃
{C (4)2 }
⋃
{D},
is a (q, [2, 2, . . . , 2, t2 + 2, t2 + 3], (t2 + 3)/2)-PDF in GF(q), as desired. 
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4. A general approach
Our constructions of PDFs developed in the previous section rely heavily on the known
cyclotomic difference families. The idea used there can be extended to a general case. To do
this, we need to define two types of auxiliary designs.
Let G denote an additive abelian group of order v. Let F = {D1, D2, . . . , Ds} be a family
of subsets (base blocks) of G. We have defined the notion of the difference function dF (g)
with respect to F . If there exists a (minimum) constant value λ ≥ 1 such that dF (g) ≤
λ for any nonzero element of G, then F is said to be a difference packing family, or a
(v, {|D1|, |D2|, . . . , |Ds |}, λ)-DPF in G. If there exists a (maximum) constant value µ ≥ 0 such
that dF (g) ≥ µ for any nonzero element of G, then F is said to be a difference covering family,
or a (v, {|D1|, |D2|, . . . , |Ds |}, µ)-DCF in G. When F consists of a single k-subset, say D, it is
referred to as a difference packing (resp. covering) set. In this case we simply write D for F . The
notation a (v, k, λ)-DPS or a (v, k, λ)-DCS will be used.
We are now ready to describe a general method to obtain PDFs.
Theorem 4.1. Let (G,+) be an abelian group of order v. Let D be a (v, k, λ)-DPS in G.
Suppose that there exists a partition F = {D j : 1 ≤ j ≤ s} of D such that F forms
a (v, [|D1|, |D2|, . . . , |Ds |], µ)-DCS in G. If dF (g) + dD(g) = λ + µ for any nonzero
element g ∈ G, then there exists a (v, K , (v − 2k) + λ + µ)-PDF in G, where K =
[|D1|, |D2|, . . . , |Ds |, (v − k)].
Proof. Write D̂ := G \ D for the complement of D in G. Then, by assumption, F̂ = F⋃{D̂}
forms a partition of G. For any nonzero element g ∈ G, we have
dF̂ (g) = dF (g)+ dD̂(g).
Since D̂ is the complement of D in G, we have
v − k − |(D̂ + g) ∩ D̂| = |(D + g) ∩ D̂| = k − |(D + g) ∩ D|,
namely,
dD̂(g) = (v − 2k)+ dD(g).
This equality is independent of the choice of g in G. It follows that
dF̂ (g) = dF (g)+ dD̂(g)
= dF (g)+ (v − 2k)+ dD(g).
Since dF (g)+ dD(g) = λ+ µ by assumption, we have
dF̂ (g) = (v − 2k)+ λ+ µ
for any nonzero element g ∈ G. Hence, the function dF̂ (g) takes on a constant value
(v − 2k) + λ + µ when g ranges over all the nonzero elements of G. The conclusion then
follows. 
As a specific case of Theorem 4.1, we have also the following theorem.
Theorem 4.2. Let (G,+) be an abelian group of order v. Let D be a (v, k, λ; t)-ADS in G.
Suppose that there exists a partition F = {D j : 1 ≤ j ≤ s} of D such that F forms a
(v, [|D1|, |D2|, . . . , |Ds |], µ; v − t − 1)-ADF in G. If dF (g) + dD(g) = λ + µ + 1 for any
1518 J. Yin et al. / European Journal of Combinatorics 29 (2008) 1507–1519
nonzero element g ∈ G, then there exists a (v, K , (v − 2k) + λ + µ + 1)-PDF in G, where
K = [|D1|, |D2|, . . . , |Ds |, (v − k)].
Proof. By definition, a (v, K , λ; t)-ADF is a (v, K , λ + 1)-DPF, as well as a (v, K , λ)-DCF.
Hence, the conclusion is an immediate consequence of Theorem 4.1. 
A further specific case of Theorem 4.1 is as follows.
Theorem 4.3. Let (G,+) be an abelian group of order v. Let D be a (v, k, λ)-DS in G.
Suppose that there exists a partition F = {D j : 1 ≤ j ≤ s} of D such that F forms a
(v, [|D1|, |D2|, . . . , |Ds |], µ)-DF in G. Then there exists a (v, K , (v − 2k) + λ + µ)-PDF in
G, where K = [|D1|, |D2|, . . . , |Ds |, v − k].
Example 4.4. Take G to be the additive group of Z25 and
D = {0, 1, 2, 3, 4, 8, 9, 11, 12, 13, 14, 15, 16, 18, 19, 20, 21, 22}.
Then D is a (25, 18, 15)-DPS in G, where the difference function
dD(g) =

12, g ∈ ±{2, 3, 4, 5, 9, 10};
13, g ∈ ±{6, 8, 11, 12};
14, g = ±1;
15, g = ±7.
We make the partition of D as follows:
F = {{1, 2, 12, 16, 18, 21}, {0, 3, 15}, {4, 8, 20}, {9, 11, 13}, {14, 19, 22}}.
It can be calculated that
dF (g) =

3, g ∈ ±{2, 3, 4, 5, 9, 10};
2, g ∈ ±{6, 8, 11, 12};
1, g = ±1;
0, g = ±7.
Hence F is a (25, [6134], 0)-DCF in G and dF (g) + dD(g) = 15 for any nonzero element
g ∈ G. By Theorem 4.1, F together with D̂ = {5, 6, 7, 10, 17, 23, 24} is a (25, [346171], 4)-
PDF in Z25. 
Example 4.5. Take G to be the additive group of Z21 and
D = {3, 5, 6, 7, 9, 10, 12, 13, 14, 15, 17, 18, 19, 20}.
Then D is a (21, 14, 9; 18)-ADS in G, where the difference function
dD(g) =
{
10, if g = ±7;
9, otherwise.
We make the partition of D as follows:
F = {{3, 5, 6, 14, 20}, {7, 9, 19}, {10, 15, 18}, {12, 13, 17}}.
Then
dF (g) =
{
1, if g = ±7;
2, otherwise.
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Hence F is a (21, [3351], 1; 2)-ADF in G and dF (g) + dD(g) = 11 for any nonzero element
g ∈ G. By Theorem 4.2, F together with D̂ = {0, 1, 2, 4, 8, 11, 16} is a (21, [335171], 4)-PDF
in Z21. 
Finally, we point out that the existence of a PDF is equivalent to the existence of a partitioned
external difference family (EDF). To see this, suppose that there exists an abelian group (G,+)
of order v and that from which a collection F = {D1, D2, . . . , Ds} of disjoint subsets, or base
blocks, is drawn. Then one has another difference function with respect to F , other than the one
defined in Section 1, that is defined as
edF (g) :=
∑
1≤i 6= j≤s
|(Di + g) ∩ D j |,
for g ∈ G \ {0}. We call this function an external difference function. If the external function
edF (g) takes on a constant value λ when g ranges over all the nonzero elements of G, then F is
referred to as external difference family (EDF) (see [3,9]). This notion was originally introduced
by Ogata et al. [9], motivated by the construction of k-splitting authentication codes (A-codes)
and (k, n) secret scheme against cheaters. It is clear that dF (g)+edF (g) = v for any g ∈ G \{0}
whenever F constitutes a partition of G. This is because G itself forms a trivial (v, v, v)-DS.
Hence, a (v, [k1, k2, . . . , ks], λ)-PDF in G exists if and only if a (v, [k1, k2, . . . , ks], v − λ)-
EDF whose base blocks constitute a partition of G exists. Hence our foregoing constructions and
results on PDFs can be carried over to partitioned EDFs.
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